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Spatial Transformation of the Discrete
Sound Field from a Propeller

X.D.Li*and S. Zhou' :
Beijing University of Aeronautics and Astronautics, Beijing 100083, People’s Republic of China

A technique for the spatial transformation of the discrete sound field from a propeller is proposed that is based
on solving the Ffowcs Williams and Hawkings equation with quadrupole source term neglected. Since the blade
surface velocity is fully specified, numerical inversion of Farassat’s integral is used to relate the blade surface
pressures to the finite number of measurements in the acoustic field. With the reconstructed aerodynamic loading,
the whole sound field is naturally predicted using Farassat’s integral. Since the inverse problem is ill posed, the -
Tikhonev regularization method is used to stabilize the solution. The optimal regularization parameter is chosen by
generalized cross-validation criterion. Numerical results show that the reconstruction is inaccurate in the presence
of measurement noise (error) but the spatial transformation of discrete sound filed remains satisfactory.

Nomenclature
A = model matrix
b = observer data
b = error-free component of observer data
Co = speed of sound
Cp = pressure coefficient
e = perturbation errors
f&x,n = description of body surface, f > 0 outside the body
I = identity matrix
K, = kernel due to source loading
K,, = kernel due to source thickness /
I; = force per unit area on the fluid
M = local Mach number based on ¢
M, = local Mach number in normal direction, M - /i
M, = local Mach number in propagation direction, M - 7
M, = derivative of Mach number in propagation
direction, (M /3r) - F
n = unit outward normal to f =0
14 = surface pressure p, — po on f =0, p, = absolute

surface pressure, and py = ambient pressure in the
undisturbed medium
D = acoustic pressure

DL, Py = loading and thickness acoustic pressure

[p'(x,1)]; = exactacoustic pressures

[p'(%,0)], = acoustic pressures contaminated by additive noise

R = resolution matrix in model space, R, = trace of R

r =x—-y,r=|x—y|

F = unit radiation vector, r/r

ret = expression is evaluated at retarded time,
T=1t—r/co

S = element of blade surface area (in d.S)

S/N = signal-to-noise ratio

T = period of acoustic pressure

t = observer time :

U = m x m unitary matrix composed of the eigenvectors
of (AAT)

u! = transposed left singular vectors of

i A U=@y,...,un)

U (%) = local normal velocity

\4 = n X n unitary matrix composed of the eigenvectors
of (ATA)
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V() = generalized cross-validation (GCV) function

x = unknown parameter matrix

X = observer positions in the frame fixed to the
undisturbed medium

Xpeg = regularized solution

y . = source position

Vi = generalized singular values,i = 1,...,n

9 = angle between n and 7

A = regularization parameter

Aopt = optimal regularization parameter

00 = density of undisturbed medium

o = variance of additive noise unbiased with Gauss
distribution

o; = singular values,i = 1,...,n )

Q, = (w X i) - F, w is angular velocity of body

mE = D’ Alembertian, 1/c23%9% — V2

Introduction

VER the past two decades, prediction and control of

propeller/prop-fan noise have been the most important sub-
jects in aeroacoustics. Many techniques including time domain
methods and frequency domain methods have evolved. However,
all of these methods require the steady aerodynamics of the pro-
peller to be obtained from computational fluid dynamics (CFD) or
experimental methods. When propeller aeroacoustic experiments
are carried out in a finite size of anechoic chamber, only a finite
number of measurements can be made. It is highly desirable for
both theoretical and practical applications to develop a technique
for the spatial transformation of sound field (STSF) so that a lim-
ited set of measurements. can be extended to describe the complete
acoustic field. , _

Most of the techniques for the reconstruction of an acoustic field
are based on the Helmholtz’ integral equation (HIE), which requires
the measurement of pressure and particle velocity over a surface
enclosing the source. The theory describing this method in acous-
tics was proceeded by the work in the field of optics developed by
Parrent! and others. Ferris? showed how the far-field sound pres-
sure could be predicted from the cross spectra measured over a
surface enclosing the source in the near-field region. Shewell and
Wolf? described the inverse diffraction of monochromatic (single-
frequency) coherent wave fields that laid a basis of acoustic holog-
raphy. Their plane-to-plane diffraction theory allows prediction of
the field closer to the source than the measurement plane. However,
evanescent waves that are of great importance in acoustics are not
reconstructed. Williams and Maynard* introduced near-field acous-
tic holography (NAH) to remove this drawback, and the generalized
NAH theory was later given by Maynard et al.’

Since then, the NAH technique has been greatly improved. The .
so-called STSF technique® applies NAH and the HIE to give a
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cross-spectral description of the sound field. By doing so, the coher-
ence and single-frequency restrictions in conventional implementa-
tions of NAH and HIE are avoided. Based on cross spectra measured
over a planar surface close to the source under investigation, all pa-
rameters of the sound filed can be mapped over a three-dimensional
region extending from the surface of source to infinity. The near
field is predicted from the measured data using NAH, whereas the
more distant field is calculated using HIE. The STSF technique has
found many applications in many areas, such as in the automobile
industry.”

For STSF, all previously published techniques*~7 are limited to
stationary sound sources. The basic aim of this paper is to de-
velop an STSF method suitable for moving surfaces such as pro-
pellers. In this case, the governing equation is the Ffowcs Williams
and Hawkings (FW-H) equation® with the quadrupole source term
neglected. Since the blade surface velocity is fully specified, nu-
merical inversion of Farassat’s integral'! allows the blade surface
pressures to be obtained from the field pressures. Furthermore the
whole sound field can be predicted with the reconstructed aero-
dynamic loading. The main difficulty is that the inverse problem
is mathematically ill posed, which means that any small errors
in observer data lead to very large solution errors unless stabil-
ity constraints are imposed. This paper will demonstrate that the
Tikhonov regularization method?? is effective in solving the dis-
crete ill-posed problem. Finally, a numerical example of a conven-
tional propeller is presented to show the feasibility of the proposed
method. .

Propeller Noise Prediction in Free Space
The governing differential equation for the acoustic field used
here is the FW-H equation.? The quadrupole noise term in this equa-
tion is only important when the blade tip Mach number is transonic
or supersonic® and so can be neglected for a subsonic moving sur-
face. Let f(y, ) = 0describe the surface of the blade. It is assumed
that f > 0 outside the body. The FW-H equation can be written as

2 9 _ 8
P’ = 5=loovnlV f18(F)] o% [l,IVfIS(f)] 1)

The two terms on the right-hand side of Eq. (1) are known as the
thickness and loading sources, respectively.

Farassat'%!! has given several integral solutions to Eq. (1). Here
we assume the aerodynamic loading on the surface of the propeller
is steady and Farassat’s formula 1-A'! can be uséed in the form

pcosf + pS, ds
r(l = M,)?

p(cosé — M,,)]
+ —— ! ds
/f:() [ rr1=M) g,

1 p cos é(rMi?i + coM, — coMZ) is
ta =0 r2(1 — M,)?
ret

1
4rp) (%, 1) = — [
fF=0

@

PoVn (rMifi + oM, — COMZ)
4 plp(®, 1) = / d . ds 3
o 21— M,) N

p'& 1) = py (% 1)+ pr(%,1) @

To apply Eqs. (2-4), the moving surface is divided into panels, and
the integrands are calculated for each panel and are finally summed
over all panels. For a body approximated by N panels, the discrete
form of Eq. (4) is

N N
np' &, t):ijprdS+Zvnj/Kvn s
7 J

j=1 j=1

where
k. _ | &0 - M)+ Mcosd
P cor(l — M,)3
(1 — M¥>cosf — (1 — MM,
r2(1 — M,)3 .

‘ M r Co (M r— M 2)
K =m| 00y T A=y
ret
The direct problem requires aerodynamic data as input that is usu-
ally obtained via CFD or experimental methods. Once the boundary
condition has been specified, the radiated sound field is unique,
which implies that the direct problem is well posed.

Pressure Reconstruction on the Blade Surface
To determine the pressure distribution on the surface of a propeller
from a finite number of sound field pressure measurements, the
integral equation (5) must be rearranged.
Assume M(M > N) is the number of field data points so that
Eq. (5) can be written in matrix form as

[4rp'] = [Allp] + [B[v.] - ®

where A _fK dsB_-fK,,nds andj=1,...,N.
Since the blade surface ve10c1ty is fully specified, the steady pres-
sure distribution p can be derived from Eq. (6):

[p] = [A]"! {{[47p'] - [Bl[v.]} = [A]"'[47p] o)

The sound pressure spectrum can be obtained by using the Fourier
transform,

27w
/ = w /s .
Anpp,(X) = - / P&, 1) - exp(inwt) dt 3
0

which can be discretized as
K-1

4np),, (%) = Z PL(% kA) - expQuink/K) (9

where t = kA, k=0,1,...,K—1,A=T/K.
Using these results the inversion can be carried out in the fre-
quency domain.

Analysis and Solution of the Ill-Posed Problem
We can write Eq. (7) or Eq. (9) in the abstract form

Ax=b (10$)

where A is an m X n rectangular matrix withm > n,andb = b +e.
In general, the inverse problem is ill posed. By Hadamard’s def-
inition, a problem is well posed if the solution exists, is unique,
and depends continuously on the data; otherwise, it is ill posed. For
most physical cases, errors and noise are inevitable in experimental
data while an ill-posed inverse problem is very sensitive to the exact
formulation. Small errors in the data can lead to large errors in the
solution unless suitable stabilizing constraints are imposed, i.e., un-
less additional a priori knowledge can be introduced. An interesting
and important aspect of discrete ill-posed problems is that the ill-
conditioning does not prevent a meaningful approximate solution
from being computed. Rather, the ill-conditioning implies that stan-
dard methods in linear algebra for solving Eq. (10), such as Gauss
elimination, LU, Cholesky, or QR factorization, cannot be used in a
straightforward manner. Instead, more sophisticated methods must
be applied to ensure the computation of a meaningful solution.
The least-squares (LS) estimate of x'is

x=(ATA)1ATh (11)

if (AT A)~! exists. The matrix inversion will be numerically unstable
if any of the eigenvalues of the matrix (A7 A) are close to zero.
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Hence, in the conventional LS inverse filtering, an extra term A%
is often added to (A7 A) to make the inversion stable. The term A2
is a white noise factor, and I has a dimension of n x . This is the
essential goal of the Tikhonov regularization solution,'*™* which
can be defined as the following stabilized LS estimate:

Xeeg = (ATA+A'D7'A"D 12)

The A matrix can be decomposed into a product of three matrices
by singular value decomposition'?: :

A=U x vT (13)
=U|,

where superscript T denotes the complex conjugate transposed. The

matrix
P
0

is a rectangular diagonal matrix with the real nonnegative singular
values series arranged in descending order of magnitude, that is,

T = diagfoy, ..., 0,1 14) .

where o7 >
obtains

. > g, > 0. Substituting Eq. (13) into Eq. (12), one

x,eg_leag( +)‘2>U7b - a9

The essence of this method is that the singular value decompo-
sition (SVD) has been combined with the Tikhonov regularization
method by replacing the element o; in the

]

Oj
O’,-Z + }\2

matrix by the element

It now becomes clear how A can eliminate the problem of matrix
singularities: even if o; — 0, division by zero does not occur.
Following Jackson,'* the resolution matrix in model space can be

written as .
02
vT . (16
T w

If R is the identity matrix I, resolution is perfect and the partic-
ular solution is equal to the true solution. If the row vectors of R
have components spread around the diagonal (with low values else-
where), the particular solution represents a smoothed solution over
the spread.

The trace of R, which is a measure of resolutlon in model space, is

R=V dlag(

n 2

= %
R"_ZGiZ+A’2
i=

which is clearly smaller than n. Thus the introduction of A* will
stabilize the solution by sacrificing the resolution.

In addition, there is an underlying assumption of using the
Tikhonov regularization method which is that the errors in the right-
hand sid are unbiased and their covariance matrix is proportional
to the identity matrix. If the latter condition is not satisfied, one
sshould incorporate the additional information and rescale the prob-
lem or use a regularized version of the general Gauss—Markov linear

_model. 18 Furthermore, no matter which methodis used, the so-called
discrete Picard condition (DPC) must be satisfied,!” which states
that the unperturbed right-hand side b in a discrete ill-posed prob-
lem with regularization matrix L satisfies the DPC if the Fourier
coefficients |uT b| on the average decay to zero faster than the gen-
eralized singular value y;. For the Tikhonov regularization method,

we have L = I and ¥; = o;. The DPC plays a important role in

.analyzing the discrete ill-posed problem.

Although the Tikhonov regularization method seems very useful,
it is a nontrivial matter to choose a suitable value of the regular-
ization parameter A, which controls the degree of smoothness of
the solution. Here we use the generalized cross-validation (GCV)
method!® that is based on the philosophy that if an arbitrary element
b; is left out, then the corresponding regularized solution should pre-
dict this observation well, and the choice of regularization parameter
should be independent of an orthogonal transformation of b.

- The basic formula of GCV can be written as

Iz — PAIIP

YO = wr—pap

in the case of the Tikhonov regularization,
PO) = A(ATA+ 21 AT
Bringing Eq. (13) into P(\) and using
z=U"b

we can write V(1) as

IBI2 — 2li? + Y0_, [32/ (o2 +22)]'2?
{m—n+30_, D2/ (02 +22)])

Once the SVD of P(A) is computed, the optimum value of Aoy
is determined by minimization of V(). Equation (17) indicates
that, for most problems, 0, < Ay < o7. After Aoy is chosen, the
corresponding x is calculated using Eq. (15).

Besides the GCV criterion, the L-curve criterion is a good alter-
native for choosing an optimal regularization parameter, which can
be referred to Refs. 19-21.

V) =

Results and Discussion

To test the feasibility of preceding proposed method, a conven-
tional propeller is used as the numerical example and its main param-
eters are as follows: number of blades = 3, diameter = 2.49 m, flight
speed V; = 82.78 m/s, rotating speed = 2200 rpm, ¢y == 339.14 m/s,
and po = 1.19kg/m3,

The test consists of the following four procedures:

1) A panel theory?? is used to calculate aerodynamic blade surface
pressures.

2) The sound field is predicted using Eq. (5).

3) The blade surface pressures are reconstructed using Eq. (9).

4) The spatial transformation of the discrete sound field is ob-
tained using Eq. (5).

Although the inversion can be performed in the time domain using
Eq. (8), it consumes larger computer memory and CPU time than
that of using Eq. (9) (for details see Ref. 20).

Figure 1 gives the observer positions in a ground-fixed frame
(Rob, 8, Z). The origin of this frame (O) is at the propeller center
at time ¢+ = 0. The propeller disk is in the (R, 8) plane and the
Z axis coincides with the propeller axis (positive direction in the
flight direction). In the test problem, 24 observer locations have
been used for the inversion procedure. Note that the observer posi-
tions can be evenly or randomly distributed in space (in the far or
near field) as long as they are not on the axis of the propeller where
the discrete sound field is zero. An equally spaced grid reduces the

L—'—Vft JRE—

gor e

{ Observers
Az

Fig. 1 Flight propeller and stationary observers in the ground-fixed
frame (R, 0, Z).
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Section r/R
A 0.2362929
B 0.4643457
C 0,7362575
0 0.9445100

Hi
Fig.2 Grid points gencrated on blade surface.

condition number of the matrix A, which makes the inversion pro-
cedure easier,?’ and the generated grid points are shown in Fig. 2
(64 points). For each observer location, the first 12 harmonics are
used for inversion, and then A is an overdetermined matrix of di-
mension 288 x 64.

To simulate p’(¥, t) containing measurement errors, random er-
rors are added to the exact sound pressures as

P& D)l =[p'E Dla+e

where [p’(x, £)],, is the simulated sound pressures, [p’(x, )], is the
exact sound pressures, and e is the perturbation vector that has zero
mean and covariance matrix cr; = I,,. The signal-to-noise ratio is
defined by

L[lw]%

2
N m o,

Since [p’(%, £)] is fully specified, S/N depends inversely on
o, which means S/N — oo when o, - 0. However, S/N has an
upper limit because [p’(¥, 1)1y, includes round-off errors, so that
S/N = oo in the following results represents a finite number that
is dependent on the computer being used for the calculation.

We first analyze whether the discrete Picard conditions have been
satisfied for several different S/N levels as shown in Fig. 3. For
these test cases, the condition number (o, /a,) is as large as 107,
which means matrix A is ill conditioned. It is obvious that the DPC
has been satisfied very well for §/N = oo because the data have
not been contaminated by additive noise, although eventually, for
about i > 55, and 055 & 5 x 1076, both the singular values o; and
the Fourier coefficients uin become gradually dominated by round-
ing errors. For the noisy test problems (S/N =76.5, 7.65, 0.765),
the Fourier coefficients become dominated by the perturbation for
i much smaller than before. Even then, in the left part of the
curve the Fourier coefficients still decay faster than the singu-
lar values, indicating that the unperturbed right-hand side satisfies
the DPC, although the i that can satisfy the DPC decreases with
S/N,ie., S/N=0.765,i <3, and o3 =11.4. This means that it
is still possible to dampen the components for which the pertur-
bation dominates with the regularization method by degrading the
resolution.

For the Tikhonov regularization method, the optimal regulariza-
tion parameters chosen by the GCV criterion for a wide range S/N
levels are shown in Fig, 4. It is seen that A decreases. gradually
with increasing S/N for /N < 107. For example, if §/N = 0.765,
then A ~ 10.8, and if S/N = 7.65 x 10¢, then A ~ 4.9 x 1075,
which is very close to the DPC analysis given earlier. Moreover, the

almost constant values of Aqy for S/N > 107 show that these test

cases are dominated by rounding errors. Consequently, the maxi-
mum S/N level is around 107 for this test problem. Furthermore,
although the introduction of A stabilizes the solution, Fig. 5 shows
that the resolutions R, depend inversely on the regularization pa-
rameter A. An interesting and important point is that the value of
Ry, corresponding to the A, chosen by the GCV criterion is very
close to the value of i that satisfies the DPC. This illustrates that
an optimal regularization parameter chosen by GCV or any other
criterion should satisfy the DPC. '

Once the optimal regularization parameter has been chosen, the
blade pressures can be reconstructed. Several reconstruction results
compared with exact results are shown in Fig. 6. For the case of
S/N = o0, all of the reconstructed results agree well with the exact

10 4.
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Fig. 3 Discrete Picard conditions.
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Fig.4 Optimal regularization parameters \op¢ varying with S/N.
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Fig. 5 Trace of R varying with the optimal regularization parameters
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Fig. 6 Reconstructed pressure distribution.

solution except some errors that occur near the hub of blade. This
can be explained by the fact that the discrete sound filed of the pro-
pelleris dominated by the contribution from the tip region. However,
the reconstruction accuracy decreases rapidly with decreasing S/N.
When the S/N is reduced to 76.5, the reconstruction error becomes
unacceptably large.

The whole sound field can be predicted from the reconstructed
blade pressures. The direct sound field is shown in Fig. 7, and the

Ray(m)
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AR @////

©
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N S

=20 -15 -10 -5
Z m)

Fig 7 Direct sound field.
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Fig.8 Extrapolated sound field.

STSF results for different §/N are shown in Fig. 8. We can see
that the accuracy of the STSF decreases very slowly with increasing
S/N.If S/N > 1, the STSF results can be guaranteed with high
accuracy. These results show that the reconstruction can be consid-
ered as an intermediary for the practical extrapolation of the acoustic
field from propellers.

Concluding Remarks

A technique for the spatial transformation of discrete sound -
fields from propellers. has been developed that is based on solv-
ing the FW-H equation with the quadrupole source term neglected.
The main difficulty of the proposed technique is that this prob-
lem is mathematically illposed. The singular value decomposition
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technique combined with the Tikhonov regularization method has
been shown to be a powerful tool for stabilizing the solutions, and
the generalized cross-validation criterion is successful in choosing
the optimal regularization parameters.

The feasibility of the method is tested for one numerical example
for a conventional propeller of which aerodynamics are computed
by means of a panel method. The computed radiation is used to
reconstruct the blade surface pressures. Numerical results show that
small errors in observer data lead to large reconstruction errors. Even
then, the reconstruction is capable of predicting the field accuratelyif
the signal-to-noiseratio S/N > 1. This means that the reconstruction

is inaccurate in the presence of measurement noise (error) but can -

be used as a vehicle for field extrapolation.

Although the numerical results presented in this paper are limited
to a conventional propeller, the technique can be extended to any
subsonic moving surface that is worthy of further research.
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